NEW METHOD OF SOLVING PROBLEMS OF RADIATION TRANSPORT THEORY.
1. GENERAL SOLUTION. SEMIINFINITE LAYER

K. S. Adzerikho, N. V. Podluzhnyagk, UDC 535.36
and Yu. V. Khodyko

An approximate solution is proposed for the radiation transport equations in a
dissipating medium which is that the radiation intensity experiencing two and
more scattering acts is found in the transport approximation. The approxima-
tion developed possess2s high accuracy and permits obtaining analytic expres-
sions in those cases where numerical computations had been used earlier.

As is known [1-3], investigations of radiation transport in two-phase media are of
great theoretical and practical value for many divisions of physics and its engineering
applications. The solution of the transport equation in the general case is associated
with great mathematical difficulties, especially when it is required to take account of
anisotropy of scattering, the reflective properties of the boundary surfaces, the geometry
of the medium under investigation, etc. In this paper, the solution of the radiation trans-
port equation is expressed in terms of the intensity of single scattering and the intensity
of second and higher multiplicity scattering. The correction to the multiplicity of scat-
tering is described by a function determined by the method developed in [4-6]. Problems
of radiation propagation in semiinfinite and finite media with isotropic scattering, a
semiinfinite layer with anisotropic scattering, a planar medium with known reflection pro-
perties of the boundary surfaces, and also the case of conservative scattering will be
examined below. A comparison with the results of numerical computations and analytic solu-
tions will indicate the high accuracy of the method proposed.

Let us consider the propagation of radiation in a homogeneous plane layer with a given
distribution of internal radiation sources for an arbitrary scattering index:

1
I W= S P, W) J (v, W) dw'+ A() + MB(5). (1)
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dJ (T, w
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Here dt={®+0)dx is the elementary optical thickness of the layer, and the function A(t) +
AB(t) characterizes the internal radiation source function in general form. Thus, upon
compliance with the local thermodynamic equilibrium condition

A(x) + AB (1) = (1 — 1) B,IT ()], (2)

where By[T(t)] is the intensity of Planck radiation of frequency v at a temperature T =T(T).
The boundary conditions for (1) take account of the presence of external radiation passing
through the boundary surfaces and the radiation they reflect that emerges from the medium
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The reflectivities of the boundary surfaces y4(u, u') (i =1, 2) are analogously introduced
[1]. In the diffuse reflection case, these quantities equal
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Yi (P', p”) =2 Alp‘ ’ (4)

while for Fresnel (or specular) reflection
g, W) =r; (W) 8(n—p). (5)

To solve (1) under the boundary conditions (3) we turn to successive approximations,
i.e., we geek the solution in the form [1, 7]

I p =320, (6)

n=0

where J(n)(T, W) is the radiation intemsity scattered n times. Substituting (6) into (1),
the equation and boundary conditions to determine J(n)(r, u) are easily written:
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(m) - 1 ’
B ﬂ‘d—(:i)— +I7 0wy = - Sp(n, W) JO0 (@ ) di (m=2, 3, . ). ©

The boundary conditions for (8) and (9) are identical in form

1
1 , m Py ot gt
J™ (0, +u)=~—”—5‘yi(u, W)™ (0, — ) wdp’,

(10)
1
I (ty, —n)= ~IT S gau, W) (1o, + W) wdp'
: g
According to (7)-(10), to determine the functions
fle, W=7, m—J“”(r W= p) = 2 AT () (1)
=2
we obtain the following equation:
1
u—df%;iJrf(r. u)=~;—jpu, pyf (v, w)dw+G(r, p), (12)
where -
1
G (v, p) = l;j plu, w) IV (x, w)dp. (13)
—1

The boundary conditions for this equation are analogous to (10).

The function f(t, u) introduced characterizes the contribution of second and higher
multiplicity scattering. According to (12) its magnitude is determined by G(t, u), i.e.,
the intensity of singly scattered radiation. This function permits direct estimation of the
role of multiple scattering processes:
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TABLE 1. Comparison of the Exact (¢) [1] and Computed
Values (@c) from (9) for the Ambartsumyan Function ¢(un)
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and the solution of the initial equation (1) is itself written in terms of the magnitude of
the single scattered radiation intensity:

J(r, W=J w+rl+A) 7Y, p. (15)

We call the function f(t, p) the multiple scattering function.

A=A(r, p) =

Photons experiencing two and more acts of scattering produce a more-or-less uniform
angular distribution of the intensity in the medium. In this case, as is shown in [4-7],

the transport approximation can be used, i.e., the scattering index is represented in the
form

plw, W)y=a+2(1—a)d(p—p). (16)
Then (12) takes the form
1
!
wLCE sy re 0= [ 16 warpee . an
—1
Here
B— N AN S S
1—A(1—a) 1—A(1—a) B (18)

In the case g¢=1, i.e., when the index is spherical, B=1, 1=, t=1. To solve (17), we
use the method developed in [4-6]. Let us introduce the function

1 - 1
)= [1¢ +wdn, f@)= [t —wdu (19)
0 0

In the Schwarzschild—Schuster approximation we have the following system of equations for
these functions

1 A
—?-#§L+hm=é—mm+an@mx
1 df, () ! (20)
——5— —dt—+fz(t):—2— [fi(t)“}‘fz(t)]—f'gz(t),
where
! | ‘ !
gd0=ﬁ§GU,+mdm gﬂﬂ=ﬁ§GUwfmdw (21)
Using the notation
IO =F@)+1(0), HE)=ht)—h), (22)
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Fig. 1. Dependence of the correction to multiple scatter-
ing on the angle of observation: a) A=0.5; b) A=0.9; ¢)
A=0.99; 1) wo =1.0; 2) 0.5; 3) 0.3.

we find

O pry= —onqy, Hey— — L 4O

a2 o T + 81 () — g ().

Here

1= 4(1—1), h(t) = 2[g1(t)+g2(t)1—7dt— g, () — g2 ().

The solutions of (23) are
I(t) = At D) 4 A 4 P (1) + D, (1),
H({t)= _’;_ [— A Comt) - A= — Dy (1) + Py (1)] + &1 (1) — &2 (8),
where

t, -

i 4 1 1 ’ — —t7 ’
cpi(t)z—"e- B(E) et @Dt Dy (f) = —— gh(t)e Rt g,

t

According to (22), expressions for f£,(t) and f,(t) follow

£ () = A G - gy - by (1) + ouy (1) + % [g1()— g (1),

f2()= apAyeF o= t) - oo™ 4 ay®y () + Py (1) — _;“ [g1(t) — g ()],

where

a, = i— (2 — &), azz—i—— 2+ k).

(23)

(24)

(25)

(26)

(27)

Integrating the relationship (10) for £(t, u) with respect to u, we find the boundary

conditions for the functions f,(t) and f,(t):

f1(0) = p4f5 (0)and f, (fo) = paf 1 (20)-

Some effective reflectivities of the boundary surfaces are introduced here:

1 1

d ’ £ ! 1
S‘—MLyyi(u. w) (0, —p')wdp
91: 0 0

1
(1O, —p) du
0

(28)
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1 1
d
j S j Yo, W)Y [t, +p')p'dp
Py = 2 . : ) (29)
f f(te, -+ p)du

0

Conditions (28) permit determination of the comstants A; and A,

My (1 —pR) — My (R —p,) e~

= . (30)
(1 —psR) (1 — p2R) — (R — py) (R — p,) e~ 2Hbe
Ay = — M (1 — pR) — M, (R —py) e ,
(1—psR) (1 — paR) — (R —py) (R—p3) g2kt
where
My = (R— p) By + % (L R) (1 + py) [, (0) — s (O);
(31)

M, = (R—pz)da——;— (14 RY(1 -+ p2) [g: (to) — g2 (s

t, .t
@, = &, (0) = —}1— 5 Rt e dt'; &y — D, (ty) =_;e_ g h(t') et ¢t gt
0 0

R M _ 2=k _1—V1—I
@  2+k  1+V1—1

Let us note that the quantity R is the reflectivity of a semiinfinite scattering layer [4].

The expressions (26) are of definite interest for investigation since they are multiple
scattering functions averaged over the positive and negative hemispheres. Nevertheless, we
turn to determining the function f(t, u) itself. Substituting the expression obtained for
I(t) into (17) instead of the integral, we find

p Ty f, 1) = - 1Ak 60 Ak 4 0, () B OTF G B (32)

Hence, the desired solution is determined by the following expressions
t 1ot

—_—

6, +m =0 +we *+F(t, w i, —p) =Fle —we * +EE W (33)
where
—hty— 7 kt —tT
1A P L R T . e —e
Fy(t, W= 21 ’ 1+ k&p ,+ 2 1—kp
-t
L L g e B —— gt w+ QL by (34)
2(1—ky) * 2(1 4 Ay 1—ku
to—t to—t’ :
1A R LI " R 1 (t)
Fa(t w)=—5—- T— T3 T+ & T o=t (35)
to—t
I — Lt Ik2u2 ‘
»+m [Py () — Ppe  * l'—“T:—szT Py (L, M)+Q2(?, w;
. N t ,
1 == dr
2t H)—‘:—ijh(t)e . 0
o (36)
fs .
1 o =Lt de
oult, = [ rere T S
4
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(37)

‘ £, bt

— = dq¥
Q(t, u)=6§G‘(t’,~M)e T
t

The quantities £(0, +u) and f(to, —u) in (33) are easily determined when definite
laws of boundary surface reflection are given. Thus, in the diffuse reflection case, we
find according to (4)

1
FO, + 1wy =24; [[(0, —w)wdw=Af (0),
0

. (38)
fto, —n)=24, S' [to, 4 p')pdp = Azfi»(to),
0
where fi(to) and f2(0) are determined by (26). For Fresnel (or specular) reflection we
obtain the exact expressions
ty
FO, +my = W RO, wrme " i, bl
1f"f1(H)fz(M)e * (39)
23
( ~ T
Fltor —m) = n R (e, e * (0 W
l—riwr@ye *
If theboundary surfaces reflect the radiation by different laws, then
to
FO, +p)=Af(0), [(to, —p)=ra(WIFi(to, W+ Af(0)e *] (40a)
or
v i
FO, + ) =ri (W) [F2(0, p) + Asfi (fo) e “1, flte, — H) = Ayfi(ty). (40b)

Naturally, if the boundary surfaces reflect no radiation (or almost none) the quantities
under consideration vanish.

Let us turn to the problem of diffuse reflection of radiation from a semiinfinite
medium under isotropic scattering., In this case, according to (33) the multiple scattering
function takes the form

1A ! 3
fo=F(0, — = 2 Y e—ht’ Af"
o=1( W 20 kp)+2k(1 ku)j‘h(t)e dt

0

o

i f“ _ gy \ B
— 0\ h(t)e * + j G(', —we ®
I e . B W) "

or

d g ! 1 R
oo fov n ¥ A (e
’ ﬁg # —w v s o m  1Tom

o @

x j h(tyeht g W gh(t’)
0 . °

i’ ’
e dt
0

(41)

1 — k2u?

For specific computations of the integrals in the last expression, the quantity J(l) (t,
u) must be known, and the condition for isotropy of the scattering must be used. The
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problem of determining J(l)(t, u) for a semiinfinite layer is quite simple. According to
(7) and (8), it is easy to obtain that upon incidence of external radiation of intensity
Jo at an angle 6o =arccosy, to the normal of the layer

T

J(O)' (Ta + H) = J06 (P, _“0) e—Ty J(O) (Tr - p‘) = O!

Jop (s Bo) - ——
. g _ Hodo i m
v+ W =m0 =7 (e e ),
Jop (— u, X e T
J(l)(," — )= Ho ifz!(}wo ,:JH)HO) (e Bo__ g o m ),
J _ L podoP (— B, o) _%o
(T, “)’To“‘” —-m)—— e . (42)

Using the condition of scattering isotropy, we find
A% 1
G(t, m=—p _s‘J(I)'(T, W dp =G (1), g () = g () =G (),

=1

h(t) = 4 G (x).
Then
e ) e ) @)
where
Iy (k) =k f G (') e+ d'. (44)

i}

Substituting the explicit expression for the function G(t) in (44), we obtain

A2 kugJo 1+ p 1
1y (R) = . In ———+4 —In(1 +&|. (44a)
o) = g e [uon Ho oo+ )] a

Therefore, the solution of the problem of diffuse reflection of radiation from a semi-
infinite medium can be written in the form

JO, —p) =11+ 8) IV (0, —p), (45)
h ;
o TN bkt ( 1n—————1+u0+uln——~l+u)+
A= A, Ho)——2— m- \Ho o ! "
Mlpg4p) [ 1 R > ) 1
— n—tH o oma+Rl.
+ E(1 - ko) (1_-@ 1+ kut [“"“ o k (46)

The coefficient of diffuse reflection for a semiinfinite medium is determined by the
expression:
(O, —w) _ A(1+4)

J
’ ): = . 47
T YRR “n

We have obtained the solution of the problem in the form (45) or (47) in terms of the
single scattering approximation, The function fo (or A) permits a numerical estimation of
the contribution of multiple scattering to the total intensity of scattered radiation as a
function of the optical properties of the medium and the conditions of performing the experi-
ment. Let us note that the limits of applicability of the single scattering approximation
are determined by the quantity A.

The error in the method proposed for this problem is established sufficiently simply
since the exact solution is already known [1]
(P(Mo)l]?(}l) (48)

o o) =
g = .
4 Mo + B
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where ¢ (1) is the Ambartsumyan function defined by the integral expression

cp(u)—1+—-ucp(u)§ (P(p) dw’.

On the other hand, setting W =1uo in (47) and (48), we have

e () =14Am 1) o o (0)=yVT44p), (49)

1—4p2 14+ p 2 A% 1 R‘ 14 p 1
Ag(py=An, py=2=2 | — —® o mULh].
o) =A(u, p)=2u T n " + k(l—j—ku)(l—ku 1+k”)[u1n " + - n (14 )}

(50)

The data for computing ¢,(u) and the exact values of ¢(u) are presented in the table
for different values of the probability of survival of a quantum A. Analysis of these data
shows that the error in the method proposed is on the order of 1% in the determination of
the Ambartsumyan function and therefore in the solution of the transport equation.

The dependence of the correction for multiple scattering A(u, Ho) on the angle of obser-
vation is represented in the figure for different values of the survival probability of a
gquantum X and angle of external radiation incidence 6o. Analysis of the dependences presen-
ted shows that for strongly scattering media (Az=20.9) in a broad range of variation of the
angle of observation (u= 0.2-1.0), the quantity A(u, Yo) depends linearly on u. The angular
coefficient of the lines A=cyp grows with the growth of both A and po. Let us note that
according to (15) the domain of applicability of the single scattering approximation is
determined by the value

J(O, —p)— AV, —u) A ' (51)

E:

J(0, —p) [+

Thus, for y=ue =1 the quantity E equals
A 04 05 06 0,7 ‘0,8, 0.9 0.9 0975 0,9 0,995
E-1009% 28,4 359 43,7 51,9 60,6 70,7 77.0 80.9 84.1 85,6

For strongly dissipating media (A =1 — §%, § < 1), its approximate representation

1 2(1 ) f

Ay () 2 g (1 — 4y In L8 20 00) ( 4pln +”> (52)
‘ p (1 +8) (1 + 2ud) 1

can be used in place of (50).

In conclusion, let us note that the case when p~1/k must be examined specially. As
is easy to show

M
fd 1= 16

b=y

yJoIn (1 -+ B). (53)

It is later planned to analyze the accuracy of the proposed method in examining a
finite layer and taking account of the effect of anisotropy, as well as to show the possi-

bility of taking account of the reflective properties of the boundary surfaces for important
practical cases. '

NOTATION

J(t, u), radiation intensity at the point t and the direction & =arccos u; p{u, u'),
scattering index in a volume element; w, absorption coefficient; o, scattering coefficient;
r=c/{n+tg), probability of survival of a quantum; t, optical depth; Bv(T), Planck function;
T, temperature; yi{u, u'), reflectivity of the boundary i; £(r, p), radiation intensity
scattered two and more times; g, twice the hemispherical backscattered fraction.
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ALGORITHM OF THE ZONAL SOLUTION OF
RADIATION—CONDUCTION HEAT-TRANSFER PROBLEMS

V. V. Volkov, V. G. Lisienko, UDC 536.3
and A. L. Goncharov

A numerical method is proposed to compute the stationary radiation—conduction
heat transfer in semitransparent materials on the basis of a zonal approach.

The development of methods to compute the radiation—conduction heat transfer [1] is
of great value for many thermal-engineering applications. The use of high-speed electronic
computers with sufficient mathematical support permits the execution of a penetrating com-
putational theoretical analysis of this kind of heat transfer in absorbing inhomogeneous
media with a detailed accounting of the frequency—temperature dependence of the optical
characteristics in both the bulk and on the boundaries of the radiating system [2-5]. Great
attention is paid to overcoming the mathematical difficulties in solving radiation—conduc~—
tion heat-transfer (RCT) problems in the presence of semiopacity of the boundary surfaces
[4, 51, as well as moving phase interfaces [6].

It should be noted, however, that the high level of detail achieved in computations in
[2-6] is as yet realized for the one-dimensional plane-parallel case. Nevertheless, the
need to produce computational methods permitting the analysis of RCT in two- and three-dimen-
sional systems of different configuration is already overdue. Hence, by taking into account
the difficulties of realizing exact formulations of complex heat-transfer problems for
arbitrary volume geometry conditions, the prospects of approximate zonal methods [1]based on
the approximation of the initial radiation integral equations by a system of algebraic equa-
tions [7] are noted. Meanwhile, the inadequately extensive utilization of these methods in
the theory of complex heat transfer is indicated in [1]. An analysis of foreign investiga-
tions of the application of approximate methods of solving complex heat-transfer problems
in bulk systems is presented in [8], and reduces to recommendations to utilize the so-called
method of generalized angular coefficients in the RCT domain in [8]. The expediency of
using the statistical testing (Monte Carlo) method, whose efficiency is demonstrated in a
number of examples, is indicated in [8] for the determination of the generalized angular
coefficients as well as the radiation exchangs coefficients for the solution of different
complex heat-transfer problems.  In particular, the simplicity and physical nature of the
solution of problems with complex bulk geometries of the radiating systems by the method
mentioned are noted. The prospects of utilizing the Monte Carlo method to model radiation
transport processes are also noted in [1].

The results of trying out the algorithm for the approximate solution of RCT problems on
the basis of a zonal approach [7, 9] and the utilization of the Monte Carlo method to deter-
mine the radiation exchange coefficients [10, 11], as well as a finite-difference scheme to
take account of heat transfer by heat conduction [12] are presented in this paper. The
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